
Calculus III: Coursework 5
M.A.H. MacCallum 2006

The deadline is 5PM on Tuesday Oct 31st. Hand-in is to the green box in the basement
of the Maths building.

1. Find the gradient (∇f) for f(x, y, z) = 2z3 − 3(x2 + y2)z. [10]

Answer
∇f = −6xzi− 6yzj + (6z2 − 3(x2 + y2))k.

Marks: 4 for method, 2 per correct component. No marks for an answer which is not
a vector.

2. Prove that ∇(rn) = nrn−2r, where r = (x2 + y2 + z2)1/2 and r = xi + yj + zk. [15]

Answer

r =
√

x2 + y2 + z2 so
∂r

∂x
=

2x

2
√

x2 + y2 + z2
=

x

r
. Thus by the chain rule, for f = rn,

∂f

∂x
= nrn−1 ∂r

∂x
= nrn−2x

The results for y and z are similar so we get

∇f = nrn−2(xi + yj + zk) = nrn−2r.

(Note it can also be done directly from rn = (x2 + y2 + z2)n/2 by applying the chain
rule and identifying the result.)

Marks: Use of chain rule 5, a correct evaluation of gradient 5, identification with result
required 5.

3. Find the derivative of the scalar field V = x2yz + 4xz2 in the direction of the vector
(2,−1,−1) at the point P = (1,−2,−1). [Hint: write down the unit vector n which
has the same direction as the given vector, and evaluate n · ∇V at the point P .] [20]

Answer
The vector (1,−2,−1) has length

√
12 + 22 + 12 =

√
6, so the unit vector is

(1,−2,−1)/
√

6.
∇V = (2xyz + 4z2)i + x2zj + (x2y + 8zx)k.

which is (8, −1, −10) at P. Hence n.∇V = (1,−2,−1).(8, −1, −10)/
√

6 = 27/
√

6.

Marks: Finding n: 3 for method, 3 for answer. Gradient at a general point 4, substi-
tuting P 3. Knowing how to evaluate dot product 3, final answer 3.

4. Find equations for the (i) tangent plane and (ii) normal line at the point P0 on the
surface x2 + y2 − z2 = 18, where P0 = (3, 5,−4). [20]
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Answer
∇f = (2x, 2y, −2z) = (6, 10, 8) at P.
A point r in the tangent plane has (r−P0).∇f = 0, i.e.

(x− 3, y − 5, z + 4).(6, 10, 8) = 6(x− 3) + 10(y − 5) + 8(z + 4) = 0,

⇒ 6x + 10y + 8z = 18 + 50− 32 = 36

⇒ 3x + 5y + 4z = 18

Normal line is r = P0 + t∇f or

r = (3 + 6t)i + (5 + 10t)j + (8t− 4)k.

or it can be written

(r−P0)×∇f = (4y − 5z − 40)i + (3z − 4x + 24)j + (5x− 3y)k = 0

.

Marks: Each part 4 method, 6 accuracy.

5. Calculate ∇.F (i.e. div F) for each of the following vector fields.

(a) F = 3xyz2i + y2 sin z j + xe2zk

(b) F = 5zi + 3yj + 4zk

[15]

Answer
(a) ∇ · F = 3yz2 + 2y sin z + 2xe2z

(b) ∇ · F = 0 + 3 + 4 = 7

Marks: 5 for a correct method for div, each part 5 for accuracy.

6. Calculate ∇× F (i.e. curl F) for each of the following vector fields.

(a) F = (2xy, x2 + z2, yz)

(b) F = (ex sin y, ex cos y, cos z)

[20]

Answer
(a)

∇× F =

∣∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z
2xy x2 + z2 yz

∣∣∣∣∣∣∣
= i(z − 2z) + j(0− 0) + k(2x− 2x) = −zi.
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(b)

∇× F =

∣∣∣∣∣∣∣
i j k

∂/∂x ∂/∂y ∂/∂z
ex sin y ex cos y cos z

∣∣∣∣∣∣∣
= i(0− 0) + j(0− 0) + k(ex cos y − ex cos y) = 0.

(Comment: in fact this is a manifestation of ∇ × ∇V = 0 for any V , since this F is
∇(ex sin y − sin z).)

Marks: 6 for a correct method for curl, each part 8 for accuracy (these need more
calculation than divergences).
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